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ON THE RELATIVE EQUILIBRIA OF A SATELLITE:GYROSTAT,
THEIR BRANCHINGS AND STABILITY

V.N. RUBANOVSKII

The set of relative equilibria of a satellite-gyrostat in a Newtonian
gravitational fieldis studied. The simple geometrical form of this set
is described. The branching and stability of the equilibria of a sym-
metric gyrostat are considered. The results are represented by bifur-
cation diagrams, on which the degree of stability of the equilibria is
distributed in accordance with a law whereby the stability changes at a
fixed value of the gyrostatic moment.

1. 1In some problems of gyrostat dynamics in a Newtonian gravitational field /1-6/, the
determination of the positions of relative equilibrium of the gyrostat amounts to finding the
stationary values of the function

(X

W= N Grapp— A —2kp)

L

[

under the conditions . . |
Ty =9+ v+ vt —1=0, g = B2+ B B —1=0 (1.4

Ty = Piby + VP2 + V5P — O
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Here, A,<( A4, A4; are the principal central moments of inertia of the gyrostat, &;
are the projections onto the principal axes z; of the central ellipsoid of inertia of the
vector k, which is proportional to the vector of the gyrostatic moment g.

In particular, for problems of the relative equilibrium of a satellite-gyrostat in a
Kepler circular orbit /1-4/ h=1,k=2¢go™, © is the orbital angular velocity, and ¥y; and
ﬁj are the projections onto the z; axes of the unit vectors along the radius vector and the
binormal of the orbit.

The equations of relative equilibrium can be written as /4-6/

oW, dy, = 3h (A4, — o)y, + APl =0 (123) (1.2)
oW, /0By = 3My, + (v —A4) B, — k=0 (123)
2W, = 2W L 6Munyg -+ vy — Johmy

Il

where A, ¢ and v are the undetermined Lagrange multipliers.
we fix A, g,v, and solve Egs.(1.2) for y; P
=0k @, By= (0 — A) k@ (1 23) (1.3)
@D, =32+ (6 —A) (v—A4,)(123)
Substituting the values (1.3) into (1.1), we obtain a system of three linear equations
for k2, k,2, k,;*, from which, under the condition
A 50, 4 = (4, — 45) (4, — 4)) (4, — 4))
we obtain

o (g — d3) L
= "4 '

ky Li=3 4 (0— Ay)(o— A4y (123) (1.4)

Using (1.4), we can write (1.3) as /6/

e = (4s —AAz) Ly , Br= (A3 — A2)A(ﬂ(j4_ ALy (123) (1.5)

For the geometrical representation of the set of all
relative equilibria (1.3) and (1.4), we consider in the space
of parameters A.og,v the domain /6/ D, defined by the
inequalities L, >0, L, <0, L; >0, To points of D there
corresponds real values of ¢, f;, k;. The domain D is a
cylindrical solid, whose profile (Fig.l) is formed by the
three circles Ly =0 (j =1, 2,3), which are similar to the
Moire circles familiar in the theory of elasticity. It
follows from (1.5) that the orientation of the gyrostat body

Fig.1 in relative equilibrium is independent of the parameter wv.

To each point of the profile of D there correspond eight

positions of equilibrium, for which wv; f; (j =1,2,3) correspond to eight different combi-
nations of signs of the k;. To points which are symmetrical about the plane A =0 there
correspond dynamically equivalent equilibrium positions which differ by a 180° rotation about
the vector B. To the generators A ==0,0 = A4;(j =1, 2,3) of the boundary 4D of domain D,
along which we have mutual contact of each two of the three cylinders Li =0( =1,23),
there correspond the families of equilibria /3, 4/

vw=1, va=v; =0, =0, B, =sinb, B3 =cos8 (123) (1.6)
ky =0,k =(v—A)sin8, ky=(v— 4,) cos 8 (0 <8< 2n)

In the equilibrium positions (l1.6), the r; axis is parallel to the vector ¥,and z; and
Ty axes are perpendicular to the vector y, while the =z; axis is at an angle 6 to the
vector P, and the rotor axis is orthogonal to the vectors % and f.
To points of the cylinders L; =0 (j =1, 2,3) there correspond the families of equilibria
/3 I 4/
v, =Py =0, 9, = By = cos¥/,0,, y; = —B, = —sin 1,0, (1 23) (1.7)
ky=1lv — A, — 3h (4, — 4,) cos? 1/,0,] sin 1/,8, (0 < 8, < 2n)
ky=1Iv—Ag+ 3k (A3 — Ay)sin®1/,0,) cos 1/,0,, k, = 0

i

For the solution (1.7), the z; axis is collinear with the vector @ =f X y, directed
along the tangent to the orbit towards the motion of the gyrostat centre of mass, the z, and
zy axes are perpendicular to the vector @, while the r; axis makes an angle !,8, to the
vector B, and the rotor axis is orthogonal to the vector @. As A, — 4, (4, — A;), the cylinder
Ly =0(L; =0) stretches out continuously into the straight line A =0, ¢ = A, (A =0,0=A4,),
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and the domain D degenerates into the surface of the cylinder L, =0, while the families (1.6),
{1.7) exhaust all the relative equilibria of the gyrostat.

2. Sufficient conditions for stability of the relative equilibria (1.3), (l1.4) are ob-
tained in /4/. These conditions can be written in terms of the parameters h, o, v, as
a >0, =2av+b>0, A=av?+bvtc >0 (2.1
a == \N*H, b= 3hH' — 200\2H — L3H?
= (06— A4))(c — A,) (6 — A,), H' = dH.do
e =% J2H" 3+ 3h [(3h — 1) H — ¢H'] + (6% — 3hH') W *H +
oM
A=V (v — o) & (BhH' — M H?) (v — o) -+ 3k BL,ARH" +
(Bh — 1) H — A 2H'H)

We take the two surfaces in the space of parameters A, o, v,

v =t (A, a), vE = (b=} b® — bac)/(2a)

defined by the equation A = 0. The functicns v = vE take real values for all admissible
values A7 0, . The surface v =+v" cuts the cylinders L; =0 along the curves G,, whose
projections onto the plane A =0 are the hyperbolas

v=A, r3h(c—A)(c— Ay (0 —A)t (123

At the same time, the curve (; is the line of intersection of the cylinder L; =0 and
the cone ®; = 0. The surface v =v~ cuts the cylinders L; =0 along the ellipses E;, which
are located in parallel planes and project onto the plane A = (0 as the segments of parallel
straight lines

v=(1-6h)o—3h(d,+ A4, (123)

The surface v =+v' has a discontinuity at o = A, BAs 0-—>A,, it tends asymptotically
to the plane o= A,. with o <{A,, the surfaces v =y* intersect only under the condition
3h > (Ay — Ag) (A, — A))7Y, the their lines of intersection are then located between the cylinders
L,=0,L;=0, while their ends are on the cylinder L;=0. With o¢>> A,, the surface ~= vk
always intersect; their line of intersection is then between the cylinders L,=0,L,=0,
while its ends lie on the cylinder L, ==0.

Conditions (2.1) are eguivalent to

a> 0, v > v, v, = min (v, v7), v, = max (v, v7) 2.2)

We see from (2.,2) that the equilibria for which v > v,, v, < v <{v,, v<v;, have a degree
of instability %, which is respectively equal to 0,1, 2, if a>0, and to 1, 2, 3, if a 0.

3. 1Let us study the relative equilibria of the symmetric gyrostat under the conditions
Ay = A, << Ay, (e + e ey #0 3.1)

where €; are the projections onto the ir; axes of the unit vector in the direction of the vector
k, k; = ke; (j= 1,2, 3), where k is a variable parameter.
Under conditions (3.1), Egs.(1.2) and {l.l) have two one-parameter families of solutions:

¥y = Me @, By = key (0 —A) Dt (12 3) (3.2)
D, =D, = (6 —A4)[v—4,—3h (6 — AL W = (0 —
A) (45~ o)

Dy = (0 — Ay v — Ay, — 3 (0 — APl e + & = oW
o2 (A; — A) (0 — A) %3k = O2, e (4; — 4y) (A —

@) k2 = D4
5
eak ek ean 'tk .
Ay == e | Oy T e, Oy == —— 3.3
VT v = Ag) T T R — ) A —v -4
_ ek . eok o — egh
py= A fy == 4! Py = v — 4,

. 9 (v — APty — dg)*
)&:0, U—«Al, A= [('v—A\)Zﬁix“('\'—;a):]é’aa

The equilibrium positions (3.2) and (3.3) can be represented geometrically in the space
of parameters k,o0,v, by points of the curve [, whose branches T, and T, are given by the

last two equations in (3.2) and (3.3).
Let us study the branches T; and TI',, corresponding to the equilibria (3.2) and (3.3). We

start with the curve T;.
Dividing the last two equations in (3.2) term by term, and introducing the auxiliary

parameter p, we obtain
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v—4; —3h{c—4g) __ {(Ag— o)«
v——A:_—s/,_(a—A‘f) =t p=x} H—p= (—elul>) (3-4)

From (3.4) and (3.2), we have

o A1 — 4ap) (12 4 %%) 43k (41— As) (b %) o= A1p? - A (3.3)
(I —p) (02 +%3) ! 243
We now add the last two equations in (3.2) term by term, and using (3.4), we obtain
(A —A) R =[(o—A)p*+ A3 — ol lv —4;—3h(c — 4)I?
On substituting for v and ¢ from (3.5), we now finally obtain

g2 (1302 (4 — A2 2
ea® (1 — p)2 (U2 - %)

(3.6)

In short, in the space of parameters k, o,v, the branch I} of curve T is a spatial
curve whose parametric form is given by (3.5) and (3.6).

In Fig.2 we plot the function given by Eq. (3.6), and in Fig.3 (the continuous curve) the
projection of the curve T, onto the ¢ =0 plane. Here,

rre— (1 4-3)2 (A3 — A1) ko ALt Agn - 3h (Ay— A5) (1 — %)
(1 %)3 e5? ! - T—x ’
pre=—n

Hence we conclude that, for the values 0 < k*<k** and k* > k*?, there are respect-
ively four and two positions of relative equilibrium of the gyrostat, which are given by (3.2).
For equilibria (3.2), the stability conditions (2.1) take the form

(A= 4y s a1 £ 3 (= ) [(1 ) ¥ - 28] :
= w0 A= gy >0 ¢-7)

A =Yde? (A, — Ag) (1 — p) dk*/du > 0

a

Now take the branch I',, corresponding to equilibria (3.3). In the space of parameters
k,o,v, it is a plane curve which lies in the plane o= A4; and is defined by the last of Egs.
(3.3).

In Fig.3 (the broken curve) we show the projection of the curve I, onto the plane ¢ = 0.
Here,

o (As— 41)? o At A LY 2
Byt = A =R (1 B
Ve —v* =3R4, —A) (1 —)H1 + )t

Hence we see that, for the values 0<k2<k*2 and k2> k*2, there are respectively four
and two positions of relative equilibrium, given by (3.3).

Fig.2 Fig.3

The sufficient conditions for stability of the relative equilibria (3.3) are given by
(2.1), where we now have /4/

a=(Ag—A)as b= (4, — Az a? (4, + 45 (1 —
Bs?) + 24,B5°]
e =(4; —A) Ayt [4,8° + 4, (1 — fsH)]



Using these realtions and (3.3), we can write conditions (2.1) as

 {dg— A (v — A2 ud .

B e n (3-8)

A=~ (v — Ay — Ay (v — Ag)* 0% 4 2 {v — 4y)?
o (v — A1) - %3 (v — 4y)?

A ="l (A — A) (v — A,) dk¥ldv > 0

a

>0

4, 1Let us study the stability of equilibria (3.2) and (3.3). Let ¢ be the degree of
instability (DI). The equilibria for which y =0 are stable, while when % =1 or ¥ =3,
they are unstable. No answer is given by Routh's theorem when % = 2. If this equilibrium is
stable, its stability is of a gyroscopic type, and by the Kelvin-Chetayev theorem /7/, it is
temporary and is destroyed under the action of a system of dissipative forces with total
dissipation.

From (3.7}, (3.6) and Fig.2, we see that, for the equilibria (3.2), a<0 and

A< O, A0, g==1, £f p<p* orp>1
A0, A>0, 4 =2, if p*<p<0
A0, A0, =3, if 0T p<1

For the equilibria (3.3), we see from (3.8), the last relation in (3.3), and Fig.3 (broken
curve), that a >0 and

CC0, A0, =2, iE v A,

A
A,<0,A<0,X'——:1, if A1<\’<V*
A >0, A>0,1=0, if v, <v<4,; or v>d4,

The results of analysing the stability conditions for equilibria (3.2) and (3.3) are
shown in Figs.2 and 3, where the numbers 0, 1, 2, 3 on the branches of the curve ' indicate
the DI of the respective equilibria. Notice that, in Fig.3, the DI distribution on the
branches of the curve is subject to the law whereby the stability changes /7/ at a fixed
value of the parameter k; in particular, the DI only changes at points of bifurcation.

Similar bifurcation diagrams can be plotted for equilibria (3.2) and (3.3) in the case

when A, = 4, > A,
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